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There is considered the problem of impression of a stamp in the shape of a
body of revolution in a transversely-isotropic half-space, with friction and
adhesion taken into account. A method based on expangding the salution in
a series in a parameter dependent on the ratio of the stiffness characteristics
is used. The case of a stamp with a flat base is considered as an illustration,

Approximate relationships are obtained to determine the radius of the adhesion
area and the contact stress distribution,

Let a stamp in the shape of a body of revolution be impressed in a transversely-
isotropic half-space. The contact domain consists of the friction part abutting on the
boundary of the contact domain, and the adhesion part, Because of syrnmetry the

iz contact domain and the adhesion part will be con-
centric circles with a common center on the
P stamp axis. The radius of the circle separating
Y the friction and adhesion partsisnot known before-
hand and should be determined during solution
’ 5 , of the problem, It is required to determine the
' W 4 e  normal and tangential forces in the contact dom-
T B
ain also,
The problem reduces to solving the equilibr-
Fig. 1 ium equations for a transversely-~isotropic medium
Pe 4w 1w d 0u + _u_) -0 (1. 3)
oF Ty Tar Tk azzTaz(ar rl
#2u 1 du u 0% L ) L _g'__ . _f_’__
oF T o ke g ke g = 0 ke gy By

under the following boundary conditions outside the contact domain (r > a). in

the whole contact domain (r <C a), on the adhesion part (0 << r<C b) and on
the slip part (b << r < a):

(1.2)
6. =T, =0, r>a w=—C+f(), r<a

=20, 0<r<b, =1,=—p0, blr<la
In addition

w-—>0, u—>0 when V7 4 22— oo
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Axisymmetric contact problem 591

Here a is the radius of the contact domain, b is the radius of the adhesion section,
f (r) is a function describing the shape of the stamp, £ and E’ are the tension-
compression elastic moduli in the plane of isotropy and in a normal direction, G’ is
the shear modulus in a plane normal to the plane of isotropy, w and u are displace-
ment vector components in the directions of the z and r axes, respectively, and p
is the friction coefficient, The Poisson’'s ratio are taken equal to zero.

Let us introduce the transformation of variables

r=ry, z==FkK'%, w=W, u=3sl (1.9)
r=ry, z=c¢"klz,, w=¢c¢W? y=¢ghU? (1.4
Substituting (1. 3) ang (1.4) into (1, 1), we obtain, respectively
Wi+ W 4+ elhUY, =0, UL +ek2UL + W =0 (1.5)
W s + Wi, + KU, = 0, Ul + Ul + bW}, =0 (1.6)

Here
i H 7 i 1
r_9% .9 19 (9 ¢
Ps = or, T r » P = dz) (arl -+ rl)

1= 2 (o) l:iizl_l(g_iv)
Per or, Ps)r Prs or, | ar 2 B r, o e

Let us assume that & > E’ ~ '; then & can be considered a small para-
meter in an asymptotic analysis of (1,5) and (1.6). The solution obtained by asym-
ptotic integration of the system of the first kind (1, 5) corresponds to a stress-strain
state varying relatively slowly along the z axis as compared with the corresponding
solution of the system of the second kind (1. 6), which is of a boundary layer nature
1.

Let us represent the displacement vector components in the form of the sum  of
solutions of both kinds

u=u +u, w=uw +w, (1.7

We seek the functions W'and U' (I = 1, 2) in the form of asymptotic series
in the parameter &'/

bl ® 1 : (1.8)
W! .- Z S’I/QVVI’”: Z 2& EHJA‘,AQWI,%«H
n=0 =3 j=(
o oc 1
Ul = 2 enle’, n_ 2" 2 Ei+j/2Ul’Qi+j
n==0 =0 j=0
An additional coordinate transformation is hence introduced
fe o] oo
L=z 2] e, Lo=12 D &Py (1.9)
i=0 =0
with the undetermined coefficients a; and B; (i = 0,1, .. .).

Substituting (1. 8) and (1. 9) into (1.5) and (1, 6) and the boundary conditions, and
splitting the expressions obtained in powers of &'z, we obtain the following equations
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and boundary conditions for the functions Wi 2i+i and [L.2i+i,
The stress-strain state of the first kind is

. - i1 ) . (1. 10)
WHHY 4 Wi = — 3 W™ b+ KU oy,
Vg
S -1 vyt l' Vs
Uér’ 2147 o kg 2 U%,i;m”bi—l—v ___ ka/2 E‘ W}‘iﬂﬂui»v
V=0 V=0
2
by = Xty (=0,1,..)
1==0
The boundary conditions are;
for i=20, j=0
Wio = —C 4+ (1), r<a Wel0 =0, r > gq (1.11)
for all the remaining i, j
Whet L ppmeionsi o (1. 12)
-y X i
1, 2itj \] ) 2V4j ~ g gy _
WE ™y = — 3 WE™ oy — 1t X WERL, 1
= V=0
The stress-strain state of the second kind is
t i
2, 24 L 9VHS . o pyei o
ch H]CO o \Zlo W§§2\+]ci-v BRFETA 20 Ujézwy iy — kZW,%; 20i-1)+;  (1.13)
== V=
2, 2443 2, 247 ‘o j ]
sr" 7 + UCt t+7 Cy = — VZ (UEtZV+JCi~V o k‘/!W3t2v+]ﬁi--1-‘v)
=0
o
Cp = ZI ﬁ'iﬁp—i
=0
The boundary conditions are
Ut U1,2i+j—1, r<hb (1,14)
2, 2i+j S
, 2i47 N ] ;
U§ Jﬁ() — glo (U% 2v+]ﬁ1‘,~v + kUé' 2%]‘1«;—1—\7) .

. . . . i - . .
kil (Wvlr’ 2i+j + W?« 2(t~1)+1) —~p véo (W% zwzaiw + k1 W%’ 21+]-1ﬁi_v)
r>b

It should be taken into account that if any upper limit of summation in (1. 10) and
(1.12)—(1.14) is negative, then this sum equals zero, Analogously, if any function
of the second superscript (denoting the number of the approximation) is negative,then
this function is zero, For instance, for i = O we obtain from (1. 10) and (1. 13)

Whi 4+ Wby =0, U7 = — Wl
Witleo = — KLU B, UL+ Ules =
The first equations (for the functions W?!-%+J) in the system (1.10) as well as the
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second equations ( for the functions U2 %)) in the system (1, 13) will be called basic
equations,
The following theorem is valid for the basic equations; if the coefficients «@; and
B:; are determined by the formulas

» (1. 15)
a =1, 20p4 =k + mZI_l (k*Yp-m — Gpi1-m) Om
P
ﬁo = 11 2ﬁp+1 = - k26p - mZle (kzép—m + ﬁp+1—m) ﬁm
n—1
Yo=08 =1, Yp=o0n+ K _Zoijn—l—j
=
n—1
=B, + k% — 20 8;Cn;
]:
then the fundamental equations have the form
(1. 16)

W+ + Wétziw' =0, pLu -+ U%&2i+j =0
(i=0,1,..;57=0,1

The proof of this theorem is presented in Sect, 3,

We shall henceforth consider the coefficients @;, B; to be defined by (1. 15).

It is seen from the expansions presented that the boundary conditions for the func-
tions W1 2i+j are satisfied in the solution of the first equations of the system (1. 10)
describing the stress-strain state of the first kind, The functions U'.%+/ are defined
as particular solutions of the second equations of this system.

The boundary conditions for the system (1. 13), describing the stress-strain state
of the second kind, are determined after the appropriate equations of the first kind
have been solved. These boundary conditions are satisfied in the solution of the
second equations of the system (1,13), The functions W2:2i+j are found as particular
solutions of the first equations of this system,

The problem therefore reduces to successive integration of (1. 16) for the functions
W1.2i+7  and the functions U%2%+i. Finding the functions UL and W22+
is not difficult,

The exact solution of (1, 16) can be obtained by using integral transformations
[2]. It can be shown that the functions W1 2i+i and U?%2+i are continuous in the
whole domain of definition, and their derivatives are continuous everywhere except
at the points 7 = b, 2 = 0 and r = @, z = 0, where they have integrable sing-
ularities. It hence follows that the solution is asymptotic in nature everywhere with
the exception of arbltranly small neighborhoods of the above-mentioned points,

After the functions W'2%% and ph2ti (] =1,2;i=0,4,...;j =0,1)
have been determined, the stresses o, and t1,, are found from the formulas

1
El 1
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eii/2 ) (KWL oy 4 ke iR B, )
V=0
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=0
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H;}, 24} - 8”7‘){‘ ‘2‘&+}_1

The unknown boundary of the adhesion and friction parts is found from the condi-
tion of continuity of the tangential stresses on this boundary,

The constant € in (1. 11) (the settlement of the stamp) is determined from the
stamp equilibrium condition (P is the magnitude of the clamping force)

u (L.17)
P+ 2n \ ordr =0

0

2. As an illustration, let us solve the problem for a stamp with a flat base (f ()
= 0). The solution (taking account of one approximation) reduces to integrating(2. 1)

with the boundary conditions (2.2)

2 20 2.1

W+ Wi =0, UR -+ U =0 (2.1

L=0 WW=_—C r<a W'=0, r>a (2.2)
20 — pWé’“, b<r<a

=0, U¥=0, r<{b U¥'=

Ca < 3 — Wl g

The function W'® has the form (the constant C is determined from the condition
(1.17))

W0 — _9cntare sin [2¢ (V52 4 (r + e + VI* + (@ — n5)7 (2.3)
C = Pk~ (haE")
We seek the solution of (2, 1) in the form (/y (z) is the first order Bessel function)

fe )

U = 4 (p) exp (L) J, (pr) dp
A
Substituting this expression into the second pair of boundary conditions (2, 2) writt-
en with (2. 3) taken into account, we obtain a system of dual integral equations to
determine the function A4 {(p)

ApyJi(prydp=0, r>b

2Cpr 1 (a2 ~ 2y, blr<a
— 2Cak™Y1 ()" (r2 — az)"’/’, r>a

St g Beg

A<p)J1(pr)pdp={

The solution of these equations has the form (X (z) is the complete elliptic integral
of the first kind) [2]

2c e
A(p) = ——— [ Kusin (ap) + B (p)]

a b

B (p) = ip p S K’ (-'z—) zsin (pr)dz - pk'' S In (Zi::) sin (px) dz
b

]
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The normal contact stresses and the tangentialstresses under a flatstamp are determin-
ed by the formulas’ ,
0 = ~ (ma)7P (@ — )7, v, = @k IUR0
It is clear from physical considerations that the tangential stresses should be con-
tinuous on the interface of the adhesion and slip zones, therefore, the derivative U;’“""
should be continuous on this boundary., We have

L=0 U= zcm (@ — )7 b<<r< 2.4
4 (2.4)
- 20K
30 = — 22\ sin (0 7, () ap o+ - 5 B(p)Jy(prydp, 0<r<b
0

Integrating the inner integral by parts twice, we reduce the last formula to
L=0, U =205 (G + G+ I, + 1)
pTr ak'’? 2 d (b ot
SaVa—nt’ [ @ a b (bK (Tm (& -+ b2 — ry'fy

G, = [ s In — 2 + b — ..2_99. K’ (._b__)] r (b2 —r2) V3 (b 4 (b2 — r2)iry-1

f1=§ h () dp, f2=§ herdp (N>0)
0 N

frlpr) =2 {‘Z‘S 'g;zg' (xK’ (*%)) sin (pz) dr
5

b
ah'/‘S z sin (pz) dx] J1 (pr)

(2% — z%)2 »

The function Gy is continuous in » in the interval 0 << r < b <a. The integral
I, is also continuous in this interval (as a definite integral of the continuous function
fi).  The improper integral I, converges uniformly (for large p the function
fi admists the estimate f, < B/ p? [3] ), and therefore converges to a continuous
function, The function @, undergoes a discontinuity at r = b. Hence, G;=0

is necessary for the continuity of the dervative 7,»*. Consequently
HeIn((t+6/a)/ (1 —b/a) =20 (/)K (b/a) (2.9)

The relatjonship (2. 5) determines the boundary of the adhesion and friction parts
not known earlier,

After simple, but awkward manipulations, we obtain the following formula forthe
tangential stresses on the adhesion part (I, {n, ) is the complete elliptic integral of
the third kind)

Ty == Yo Pk 222 (1 — )2 fomi™ /3 +-
Ba? — (B I (1 + B/ (1 — Ba)) — 208722200, (2 — 1, B)/
-1 - —In(( — 2y By — &Y% 7 (1 — e
B2 — ), t=rla, pr=b/a (0< <P
On the slip part
Tz = 1/2?931"1(;“2 (1 — 22)“"3 (ﬁ* t << i)

The dependence of the quantity &/« (the ratio of the adhesion part radius to
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the stamp radius) on the friction coefficient p for &k = !/; isshown in Fig.2 (curve
1) and the distribution of the dimensionless tangential stresses 7y == t,,27a/ P in
the contact domain is presented in Fig,3 for & == 1/;, p = 0.3. The point P, = b/«
separates the adhesion and friction parts,

It should be noted that in the solution obtained (taking just one approximation into
account) the singularity in the contact stresses on the boundary of the contact domain
has the form (a — ™' while the exact solution of the problem in the presence of
Coulomb friction should contain the singularity (a — r)~'/**%®:®) exactly as for the
plane problem (this follows from the fact that the equations of three-dimensional elast-
icity theory reduce to the plane problem and complex shear in the neighborhood of
the singular line [4] ), Therefore, the epxression for 6 is known [5], The series ex-
pansion in & has the form

(@ — 7 = (a — 7 (U4 gk In (@ — 0+ (2.6)
elpk2In (@ — r) -+ Yyp?k In? (@ — 1] + .. .}

The singularity obtained in this paper agrees with the first term of the expansion.
Subsequent approximations will evidently contain appropriate corrections,

The relative error of any partial sum of the series (2, 6) becomes arbitrarily large
as r—a. Meanwhile, uniform accuracy in the whole contact domain can be achiev-
ed by "matching” the approximate and "singular solutions, which has the form

6,* =A4 {a — r)”"!’}re

The constant factor A is determined from the matching conditions which  are

given as follows; both the approximate and singular solutions and their derivatives with

respect to r should agree in a certain neighborhood of r == rg i.e,,forr =ry, 2 =0

o, = 6%, 00,] dr = do,* | or (2.7)

The conditions (2. 7) permit the determination of the radius r, , and the const-
ants of the approximate and singular solutions, in combination with the integral equil-
ibrium condition of the stamp, The dependence of the position of the matching line
on the coefficient p is shown in Fig, 2 for k =1/, and & =1 (curve 2) andg ==1/4
(curve 3). To obtain the solution which is uniformly suitable in the whole domain,
the singular solution must be used for r, << r <C « . Incidence of the matching points
in the adhesion zone (r, < b) indicates the need to take account of higher

r .
A2 1 7
/T~
/ Z
a5 1/ - 05
| A
4 05 ¥4 Y g5 4

Fig.2 Fig.3
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approximations, It follows from Fig. 2 that this holds for large p (p > 0.4), and for
real friction coefficients (p <C 0.3), the zones in which the use of the singular solu-
tion is necessary are small and occupy less than 20% (on the radius) of the contact
domain even when taking just one approximation into account.

3, Let us show that if the coefficients «; and f; are determined from (1, 15),
then the fundamental equations have the form (1.16), We prove this for the system
(1.10). The proof is by induction,

For i =0 wehave

Whit Whity=0, UL/=—k"Wli, (3.1

In order for the first equation of the system (3, 1) to have the form (1, 16), it is
sufficient to set «, = 1 (hence b, = 1).
For i=1
I)VL 247 + W1 , 247 —_ W ;g o k‘I/zL’:t ja() (3, 2)

Ui; i o szitj _ k.‘/ZW}.; jal _ kﬁ/zwitz—%-jao

Let us integrate the second equation of (3, 1) with respect to » and let us differen-
tiate with respect to {., We obtain
Uliv — k’/zw'tclao (3.3)
Taking account of the condition at infinity, we set the arbitrary function which
appears during the integration equal to zero, After substituting (8, 3) into the first
equation of (3. 2), we find
W3 L Wh = Wh (b — koagd)
Equating coefficients of W{EJ to zero (and taking into account that o, = { and

by = 20), we obtain a, = k%/2.
Therefore, the theorem is valid for ¢ = 0,1 , Letus assume the theorem to be

valid for i< p, andletusproveitfor i=p + 1.

We show that if the functions Wi+ (; = 0,1, ..., p) satisfy the first equation
in (1,16), then the functions pua+ (1 = 0,1, ..., p), determined from the second
equations of the system (1, 10) will satisfy the equation

Ul Ué’c”” =0 (3.4

If the functions U7 are found from the equation
U}; 2i4j fa

where f, satisfies (3.4), then UV2+/ js the solution of this equation. Indeed
UL B — r‘ls (rS/z dr) dr
U2 U = 1 ( (v [ (gt fygg) dr ) dr =0

It therefore remains to show that the right sides of the second equations of the
system (1.10) satisfy'(3.4) for i<Cp.
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1t is seen that if the function WU+ satigfies (1, 16), then its derivative w12+
satisfies (3.4). The right side of the second equation of (1, 10) now evidently satisfies
(3.4) for i =0, and this is proved by induction for i=1,2,...,p.

In conformity with (3.4), we substitute the quantity 7,12+ in the second equa-
tions of (1.10) in place of Uy, , we integrate the relationships obtained with
respect to r and differentiate with respect to {. We obtain

U;’; 2t i2 12; U%Z:; 2v+jb

N Lzf)

k3
ey — i 2 Wé’gzvﬂai—-v (i=0,1....,p (3.9)
V=0
The system (3.5) can be considered as a system of linear algebraic equations in
Us;mw' . This system has a triangular matrix of coefficients with nonzero elements
along the principal diagonal, and therefore, is solvable everywhere, The solution of
the system (3. 5) has the form

i a3 " (3.6)
U;i21+" W —— i\' 2 2 W%’Z‘zx*-]yi—\' (i == 0, 1., ey p)
V=0

where the quantiies vy, (n = 0,1, ...) are determined by the recursion formulas
in (1. 15),
Substituting (3. 6) into the {p 4 1)~th fundamental equation of the system (1. 10),

[ 71, 20141+ 1, 2(P+1)+] 2)‘ ]i 1, 2Vt 2 '27 ‘V (3 )
I ,'; ’ “{' W;’C T e I’ e«t (b}) 1 ~ k Q n V]D \ J’I’l)

V=il m={}

Because of the selection of the coefficients «; mentioned in (1, 15), all the coeffic-

ients in the right side of (3.7) vanish. Indeed, from the relationship for o, ., it
follows according to (1, 15)
P-1—-v P

-t ! 72
21 FnCpryyem — 2_| k Vpremy = 0
Mz m=p

i,e., the expression in the parentheses in (3.7) vanishes.

Therefore, the basic equations of the system (1. 10) will have the form of the fisst
relationship of (1, 16).

The proof for the system (1. 13) is analogous.
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